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(ii) f (k, 2) ≤ 2k + 1.
In the next section, we give some terminologies and some previous results used in this paper.
Preliminaries
Let G be a graph and X be a vertex subset of G. As in [1] , G[X ] denotes the subgraph induced by X and G−X is the subgraph induced by V (G) − X . The neighborhood N G (X) of X is the set of vertices in V (G) − X which are adjacent to some vertex in X . If X = {x}, we also use G − x and N G (x) for G − {x} and N G ({x}), respectively. If H is a subgraph of G, we often use N G (H) for N G (V (H)) and let |H| = |V (H)|. If e ∈ E(G), then V (e) denotes the set of vertices incident with e, and G/e denotes the graph obtained from G by contracting e.
In [3] , Yanmei Hong, Liying Kang and Xingxing Yu define an X -tree as follows.
Definition 2.1 (X -Tree [3] ). Let X be a vertex subset of a graph G. An X -tree is a minimal connected induced subgraph of G containing X .
When |X| = 1, G[X ] is the unique X -tree. When |X| = 2, an X -tree is simply an induced path in G between the two vertices in X . When |X| ≥ 3, an X -tree need not be a tree. The following lemma shows the relation between an X -tree and a tree connecting X .
Lemma 2.2. Let X be a vertex subset of a graph G and T be an X -tree of G. Then every spanning tree of T is connecting X .
Proof. Let T 0 be a spanning tree of T . Then X ⊆ V (T 0 ). It suffices to show that every leaf of T 0 lies in X . Assume that v ∈ V (T ) − X is a leaf of T 0 . Then T 0 − v is connected and thus T − v is also connected and contains X , contradicting the minimality of T . Lemma 2.2 shows that an X -tree is somewhat like an ''induced'' tree connecting X . Hence to find a tree connecting X , it suffices to find an X -tree. In fact, in Section 3, we prove the existence of an X -tree instead of a tree connecting X .
In [3] , Yanmei Hong, Liying Kang and Xingxing Yu studied some properties of X -trees and defined a partition, called an
Since we emphasize how to partition V (T ), we only mention the properties of an H-partition as follows.
Lemma 2.3 ([3]
). Let X ⊆ V (G) be a subset with |X| = k and T be an X -tree of G. For any connected subgraph
is a path between X and V 2 with all internal vertices (if any) in V 1 .
Main result
In this section, we first prove Theorem 3.1, which implies f (k, 1) ≤ k + 1. We will then present an example to show that f (k, 1) ≥ k + 1 which will establish Theorem 1.3(i). 
is the unique X -tree. Since G is 2-connected, G − X is connected. Hence we assume that k ≥ 2 in the rest of the proof. Thus G − v is connected.
For each X -tree
is maximized with respect to the lexicographic ordering.
If q = 0, then G−V (T ) = C 0 is connected and the theorem holds in this case. Assume that q > 0. Then by Lemma 2.3,
For any vertex u ∈ V 3 , by Lemma 2.3(b) and (c),
, and so S(T ′ ) would be bigger than S(T ) in the lexicographic order, contradicting the choice of T . Therefore,
Furthermore, as u in the argument above can be any vertex in V 3 
Let G be a graph obtained from a K k , whose vertex set is denoted by X , by adding m ≥ k + 1 isolated vertices, denoted by v 1 , . . . , v m , and all possible edges from these m vertices to X . It is routine to verify that κ(G)
The main idea of the proof of Theorem 3.2 is similar to that of Theorem 3.1, with much more complicated and different details. As in [1] , a block of a graph G is a maximal subgraph without a cut vertex. Thus every block with more than 2 vertices is 2-connected.
Theorem 3.2. For any set X with k vertices in a
is the unique X -tree, and so κ(G − X ) ≥ 2. Arguing by contradiction, we assume that k ≥ 2, and X is a vertex subset of G with |X| = k such that
and, subject to (3.2), S(T ) is maximum with respect to the lexicographic ordering.
Hence there exists a vertex u ∈ V (T ) − X . By the definition of an X -tree, the minimality of T implies that V (B) ∪ {u} is a vertex cut of G, contrary to the assumption that κ(G) ≥ 2k + 1 ≥ 5. This proves Claim 1.
By Lemma 2.3 with
. Similar to the proof of Theorem 3.1, we will show
, which forces the order of B is at most k, and leads to a contradiction.
In fact, by Lemma 2.3(a), both C q and V 3 has no neighbors in V 1 . By the definition of B and C i , C q has no neighbors in C i for 1 ≤ i ≤ q − 1 and, since B is a block of G − V (T ),
Hence it suffices to determine the number of neighbors of V 3 in B and in the C i 's. Next, we construct a subset U 3 of V 3 by a sequence of edge contractions, aiming at determining the number of neighbors of U 3 in B and C i .
To this end, we start with G 0 = G and T 0 = T , and construct two sequences T 0 , T 1 , . . .
If T i has a contractible edge e, then define T i+1 = T i /e and G i+1 = G i /e (we also view V 1 and V 2 as vertex subsets of T i+1 and G i+1 ). Otherwise, we stop. Assume that we stop at i = r and let
Since all contractions are taken in G[V 3 ], for notational convenience, vertices and subgraphs in G − V 3 will be viewed as vertices and subgraphs of G i , for any i with 0 ≤ i ≤ r.
Claim 2. For any i ≤ r, and for any vertex u
In fact, any vertex u ∈ U 3 corresponds to a vertex subset, disjoint with X , of T . By the minimality of an X -tree, T r − u is disconnected.
It suffices to verify that
Assume zw is the contractible edge of T i−1 such that T i = T i−1 /zw and z 0 is the vertex of T i onto which the edge zw is contracted. Then since zw is a contractible edge,
This proves Claim 2.
By Claim 2, and from the fact that T r has no contractible edges, we conclude that
and that for any edge e of G[
Based on (3.5) and (3.6), we make the following observations.
Suppose that for some i with 1
Without loss of generality, we may assume i is as small as possible. Let V u be the set of vertices in T contracted to u. By definition of contraction, G [V u ] is connected and T r −u can be obtained from T −V u by contraction. By (3.5) 
is bigger than S(T ) in the lexicographic ordering, contrary to (3.3). This proves Claim 3.
We shall show that for each u ∈ U 3 , |N G r (u) ∩ V (B)| ≤ 1 and |U 3 | ≤ k − 1, which leads to the validity of Claim 4. By contradiction, suppose that for some
has a path P joining u 1 and u 2 with internal vertices in V u . By (3.6),
We shall show that |U 3 | ≤ k−1 by a few steps. For each edge e = zw ∈ E(G r [U 3 ]), we will define a subgraph F e , as follows. (3.5) , and so
Fix one such value p and define F e = F p . Hence By the definition of F e , N T r (F e ) = {z, w}. If V (F e ) ∩ U 3 has a vertex x, then by (3.5), T r − x is disconnected, and so T r − x has a component C 
Subclaim 4.2. For any two edges e, f ∈ E(G r
[U 3 ]), V (F e ) ∩ V (F f ) = ∅. Denote e = u 1 v 1 , f = u 2 v 2 . Then u 1 , v 1 , u 2 , v 2 ∈ U 3 . By Subclaim 4.1, V (F e ) ∩ U 3 = ∅, and so u 2 , v 2 ̸ ∈ V (F e ). Thus F e is still connected in T r − {u 2 , v 2 }. As F f is a component of T r − {u 2 , v 2 }, if V (F e ) ∩ V (F f ) ̸ = ∅, then V (F e ) ⊆ V (F f ). Similarly, V (F f ) ⊆ V (F e ). It follows that V (F e ) = V (F f ), and so {u 1 , v 1 } = N G r (F e ) = N G r (F f ) = {u 2 , v 2 }, a
Subclaim 4.3. Every d i is a cut vertex of H − F .
Suppose that this is not the case. Without loss of generality, we may assume H − (F ∪ {d 1 }) is still connected. As T is a minimal connected induced subgraph containing X , T r − V (D 1 ) (and hence H − d 1 ) is disconnected. Therefore there must be some h i ∈ F only adjacent to d 1 . Since h i ∈ F is only adjacent to d 1 and since H i = F e i , it follows that e i ∈ E(D 1 ) and so |D 1 | ≥ 2. Pick an arbitrary u ∈ V (D 1 ). Then T r − u has a component, say C , with 
We shall show that F 1 and F 2 induce two components of H − F − d 1 , which implies d 1 is a cut vertex, whence a contradiction is obtained.
By symmetry, we only need to show F 1 induces a component of 
By κ(G) ≥ 2k+1 and by (3.8) 
2), by (3.4) and by Claim 4, we conclude that for every X -tree T , the maximum block
Next, we will find another X -tree T
has a block with order at least k + 1, leading to a contradiction to (3.9).
Choose an X -tree T ′ such that We shall show that
and so G − V (T ′ ) has a block of order at least k + 1. This will be justified by the next few claims.
Claim 5. For any vertex u
Suppose, for the sake of contradiction, that there is a vertex u ∈ V = −1, contradicting our assumption δ < k. Hence δ ≥ k and so (3.10) must hold. Let P be a longest path of G − V (T ′ ) and y an end of P. Since P is longest, N G (y) ⊆ V (P). Let z be the neighbor of y with maximum distance to y on P. Then the (y, z)-segment of P and the edge yz form a cycle of order at least k + 1 by the fact δ ≥ k, which implies there is a block of G − V (T ′ ) with order at least k + 1, contrary to (3.9), which completes the proof.
